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Abstract: We investigate the dispersion relation and Landau damping of ion acoustic 
waves in the collisionless magnetic-field-free plasma if it is described by the 
nonextensive -distributions of Tsallis statistics. We show that the increased 
numbers of superthermal particles and low velocity particles can explain the 
strengthened and weakened modes of Landau damping, respectively, with the 
-distribution. When the ion temperature is equal to the electron temperature, the 
weakly damped waves are found to be the distributions with small values of .  
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1．Introduction 
The so-called ion acoustic waves are the low-frequency longitudinal plasma 
density oscillations. In the oscillations, electrons and ions are propagating in the phase 
space [1]. The ion acoustic waves were predicted first by Tonks and Langumir based 
on the fluid dynamics in 1929 [2]. The first experimental observation for the waves 
was reported in 1933 [3]. It is known that there are two models for the ion acoustic 
waves [4]: one is the continuum models, in which the plasma is treated as a fluid and 
so the fluid dynamics is used for its theoretical studies; the other one is based on the 
kinetic equations in statistical theory, where the distribution functions are used to 
describe the properties of the ion acoustic waves. As is well-known, Maxwellian 
distribution in Boltzmann-Gibbs (B-G) statistics is believed valid universally for the 
macroscopic ergodic equilibrium systems, but for the systems with the long-range 
interactions, such as plasma and gravitational systems, where the non-equilibrium 
stationary states exist, Maxwellian distribution might be inadequate for the description 
of the systems. For example, the experimentally measured phase velocity of the ion 
acoustic waves was 70% higher than the theoretical value derived under the 
presupposition that the plasma is described by Maxwellian distribution [5]. In the 
experiment for measuring the ion acoustic waves, the energy distribution of electrons 
may be actually not the Maxwellian one and hence we are hard to determine the valid 
electron temperature [6]. In fact, the non-Maxwellian velocity distributions for 
electrons in plasma were already measured in the experiment where the temperature 
 1
gradient was steep [7]. And the non-Maxwellian velocity distributions for ions were 
also reported in the studies of the earth’ plasma sheet, the solar wind, and elsewhere 
the long-range interacting systems containing plentiful superthermal particles, i.e., the 
particles with the speeds faster than the thermal speed [8, 9]. 
In recent years there has been an increasing focus on a new statistical approach, 
nonextensive statistics (or Tsallis statistics). It is described by a nonextensive 
parameter q. For , it gives power-law distribution functions and only when the 
parameter  Maxwellian distribution is recovered [10]. It is thought to be a 
useful generalization of B-G statistics and to be appropriate for the statistical 
description of the long-rang interaction systems, characterizing the non-equilibrium 
stationary state [11]. Ref. [12] shown that, for electrostatic plane-wave propagation in 
plasmas, Tsallis formalism presents a good fit to the experimental data, while the 
standard Maxwellian distribution only provides a crude description. By restricting the 
value of -parameter from the experimental data one can attain a good agreement 
between the theory and the experiment [13]. We will show here that the plasma 
described by -distribution with 
1q ≠
1q →
q
q
1q <  contains plentiful supply of superthermal 
particles. Furthermore, the flexibility provided by the nonextensive parameter  
enables one to obtain a good agreement between the theory and experiment.  
q
The paper is organized as follows. In Sec. II, we study the dispersion relations 
and Landau damping in the new statistics with the power-law q-distributions. In Sec. 
III, the Landau damping is discussed under the different constraints on the values of 
. Summary and conclusion are given in Sec. IV. q
2. The generalized dispersion relations and Landau damping 
In Maxwellian description in B-G statistics, the formulae of the dispersion 
relation and the ratio of Landau damping to the frequency of ion acoustic waves in the 
equilibrium plasma [1] are respectively 
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where rω  is the frequency of ion acoustic wave,  is the wave number, k Deλ  is the 
Debye length of electrons,  is the Boltzmann constant, BK γ  is the Landau damping, 
 is the thermal speed of ions.  and T  are the temperature of electrons and ions, 
respectively,  and  are the mass of an ion and an electron, respectively. Here 
we will study the ion acoustic waves in the -distribution descriptions in Tsallis 
statistics. Eq. (1) and (2) will be generalized in Tsallis statistics, which may describe 
their behaviors when the plasma is in the non-equilibrium stationary state.  
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First let us remind some basic facts about Tsallis statistics. In Tsallis statistics, 
the entropy has the form [10] of  
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where f  is the -distributions, and the parameter  different from unity specifies 
the degree of nonextensivity. The B-G entropy is recovered in the limit . The 
basic property of Tsallis entropy is the nonadditivity or nonextensivity for . For 
example, for two systems A and B, the rule of composition [10] reads  
q q
1q →
1q ≠
( ) ( ) ( ) ( ) ( ) ( )1q q q qS A B S A S B q S A S B+ = + + − q .                 (4) 
The q-equilibrium distribution function takes the power-law form. For 
one-dimensional case, it is given [14] by 
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where   is the particle number density,  is the temperature, m  is the mass and 
 is the thermal speed, 
0n T
Tv 2T Bv K T=
)
m . It is worthy to notice that for  there 
is a thermal cutoff on the maximum value allowed for the velocity of the particles, 
namely 
1q >
( 1Tv v qα< − . As expected, Maxwellian distribution is obtained in the 
limit . Many classical questions in B-G statistics have been reconsidered in the 
framework of Tsallis statistics. Among them, let us write the generalized Boltzmann 
equation [15], 
1→q
( )v qf f f C ft m
∂ + ⋅∇ + ⋅∇ =∂
Fv ,                      (6) 
where  is the q - collisional integral term, and  is the external force. It has 
been demonstrated that if  the time dependent solutions of the generalized 
equation (6) will evolve irreversibly towards the q-equilibrium distribution (5) and C
( )qC f F
0q >
q 
will vanish.  
    As we know, spacecraft measurements of plasma velocity distributions, both in 
the solar wind and in the planetary magnetospheres and magnetosheaths, have 
revealed that non-Maxwellian distributions are quite common. In many situations the 
distribution have a “suprathermal” power-law tail at high energies. This has been well 
modeled by the so-called к-distribution [16], which, now we have known [17], is 
actually equivalent to the q-distribution Eq.(5). In other words, Eq.(5) and its leading 
results can be directly applicable to the above physical situations. In fact, in addition 
to the solar wind and the planetary plasma, the sun’s interior plasma is the physical 
situation where Eq.(5) can be applicable to for the statistical description of it being the 
nonequilibrium stationary-state [18]. 
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For a magnetic-field-free plasma which slightly departs from equilibrium, we use 
Eq.(6) and let the distribution function be 0 1f f fα α α= + , where the letter α  in the 
subscript of f  denotes particle species (α=i, e;  for ion and  for electron), i e 0fα  
corresponds to the one-dimensional power-law -equilibrium distribution (5), and q
1fα  is the corresponding perturbation about the distribution (5). As one knows, the 
dynamical behavior of the plasma is governed by a combination of the generalized 
Boltzmann equation and Poisson equation [1]. Here we assume the plasma 
temperature to be high enough so that the q-collisional term in the generalized 
Boltzmann equation (6) is negligible. Neglecting high-order terms in the expansion of 
the distribution function and linearizing the equation, one finds 
1
1 0
f Qf
t m
α α
α
α
∂ + ⋅∇ + ⋅∇ =∂ 1 vv E 0fα                         (7) 
and Poisson equation 
 1
0
1 Q f dα α
αε∇ ⋅ = ∑ ∫1E v  ,                             (8) 
where  is the electric field produced by the perturbation and 1E Qα  is charge of the 
particle. 
We consider the direction of wave vector  to be along k x -axis, and let . 
Making Fourier transformation for 
xv u=
x  and Laplace transformation for  in Eq. (7), 
we have  
t
0
1 1( )
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α
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Combined with Eq,(8), the following dispersion equation is obtained, 
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where 20 0p n Q mα α α αω = ε  is the naturally oscillating frequency of the plasma， 0fˆα  
is the normalized distribution function, 0 0ˆ 0f f nα α α= . Inserting the power-law 
distribution 0fα , Eq.(5), in Eq. (10), one readily gets 
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where 2D Tv pα α αλ ω=  is the Debye length, αξ  is a dimensionless parameter, 
defined as the ratio of the phase velocity, vφ kω= , to the thermal speed Tv α , namely, 
Tv vα φ αξ = . (qZ )αξ  is the generalized plasma dispersion function in the context of 
Tsallis statistics,  
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In the limit , it is reduced to the standard form in B-G statistics [19], 1q →
 4
( ) 21 exp( )xZ dx
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Obviously, there exists a singularity， x αξ=  ，in the integrand of the dispersion 
function (12). Here we follow the line developed by Landau to deal with the singular 
point [20, 21]. The frequency is expressed in the complex form: r i qω ω γ= + , where 
qγ  is the generalized Landau damping that is related to q. For the weakly damped 
modes, the real part of dispersion function (12) is the Cauchy principal value, while 
the imaginary part is equal to half the residue of the integrand at the singularity, e.g. 
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Then Eq. (11) can be written as  
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In a plasma, if the electron temperature is much higher than the ion temperature, 
, and the ion mass is much heavier than the electron’s, , the phase 
speed 
eT   im m 
vφ ieB mTK /=  is much more than the thermal speed of ions 
Tiv ii mT /= BK but much less than that of electrons Tev eeB mTK /= , 
.  From the definition of the dimensionless parameter, Ti Tev v vφ    Tv vα φ αξ = , 
we get 1eξ    and 1iξ   . Making series expansion for the integrand in Eq. (15) and 
integrating it, we obtain 
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Inserting r iω ω γ= +  in Eq. (16) and making the real part of left side to be zero, we 
find 
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Thus we obtain the generalized dispersion relation, 
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As expected, in the limit , Eq. (18) reduces to Eq. (1), the familiar result in B-G 
statistics. If the electron temperature is close to the ion temperature in the limiting 
case of long-wavelength 
1q →
Dek 1λ   , from Eq. (18), the generalized phase velocity 
becomes， ( ) ( )( )2 3iv 1q 1 3 1r Tv k q qφ ω= = + + − . Then the constraint 1 3q >  is 
imposed in order to keep the phase velocity positive. The traditional phase velocity in 
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the framework of B-G statistics, 2 Tivφ = v , is recovered in the limit . It is 
easy to verify that the generalized phase velocity is faster than the traditional phase 
velocity when q
1q →
1<  and is slower than the traditional one when . If the 
electron temperature is much higher than the ion’s, in the limit case of 
long-wavelength, the generalized phase velocity will be much higher than the ion 
thermal speed.  
1q >
)12
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An interesting feature of ion acoustic waves in plasmas is that they should be 
damped even in the case of no collisions among particles [20], and the collisionless 
damping is explained as the interactions between the wave and particles moving with 
the speed close to the phase velocity [22]. Let the imaginary part of Eq. (16) to be 
zero, we obtain the generalized Landau damping as 
( ) ( ) ( ) (2 2 1 23 22 1 1 1 1q q q qDi eq r e i
De i
A q qλ ξγ ω ξ ξλ ξ
− − − −   = − − − + − −    .      (19) 
Using the dispersion relation (18), we find 
( ) . (20) 
       
In the limit , Eq. (20) reduces to Eq. (2) in the framework of B-G statistics. In 
the above equation, the second term in the brace represents the contribution of the 
ions, which plays a main role, and the first term in the brace is related to the electrons, 
which is negligible for the fact that the electron mass is much lighter than the ion’s. 
q
3. The Landau damping and -parameter  q
In this section, we will explore the extended Landau damping under different 
constraints on the value of -parameter. Considering that Landau damping is related 
to the particle velocity distributions [1], we first investigate the properties of the 
power law -distributions. In Fig. 1 (a), the curves of the distribution 
q
q
0Tif v fπ=% n
q
q
 as a function of the ratio of the particle velocity to the thermal 
speed with the constraint  are plotted, and in Fig. 1 (b), the restriction is 
modified to . The values of the -parameter in Fig. 1 (a) are 1 (dashed line), 
which is just the Maxwellian distribution, 0.6 (dotted line), and 0.2 (solid line). From 
Fig. 1 (a), we can see that in the case of the power law distributions, comparing with 
the Maxwellian distribution, there are more superthermal particles, i.e. particles with 
the speed faster than the thermal speed, when the value of  is small. In Fig. 1 (b), 
the values of  are 1.8 (dashed line), 1.4 (solid line), and 1.0 (dotted line). There is a 
cutoff in the tail when , namely, 
1≤q
1>
q
q
q ( )1Tv v qα< −
q
, and the maximum value 
allowed for the velocity of particles gets lower as  increases. Thus we know the 
-distributions with the constraint  are suitable for the description of systems 
containing a large number of low speed particles.  
q 1>q
In Fig. 2, we plot the curves of ( )q Tikvγ  as a function of the ion dimensionless 
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parameter i v vφ Tiξ =  with some selected values of the nonextensive parameter . 
The selected values are 1.4 (dash-dotted line), 1.0 (dashed line), 0.6 (dotted line), and 
0.4 (solid line). It shows that when the phase velocity is low or, equivalently, 
q
iξ  is 
small, the damping is heavier for higher values of , but in the regions that the phase 
velocity being much faster than ion thermal speed, the waves are more damped for 
lower values of . Now we discuss the reason for this phenomenon. As one knows 
Landau damping stems from the resonant interactions between the wave and particles 
moving with the speed close to the phase velocity, as a result, the damping conditions 
is determined by the number of resonant particles. On the other hand, we know that 
the number of the superthermal particles in the system obeying the power law 
distributions increases as the values of  decrease as in Fig. 1 (a). Therefore when 
the phase velocity is much higher than the ion thermal speed there are more resonant 
superthermal ions in the systems with lower values of . Consequently the 
interactions between the wave and ions are stronger and the waves are more damped 
for lower values of . The power law distributions (5) with the constraint  
describes the system composed of a large number of low velocity particles, hence 
heavy damping modes are formed in the region of low phase velocity.  
q
q
q
q
q 1>q
q rγ
e i
1
q
q
r π
The ratio of the damping to the frequency, ω , as a function of the ratio of 
the electron temperature to ion temperature in the limiting case of long-wavelength 
1Dekλ  
q
 is shown in Fig. 3. The selected values of  are 1.4 (dash-dotted line), 1.0 
(dashed line), 0.6 (dotted line), and 0.4 (solid line). It is obvious that for a fixed value 
of  the damping is small when the electron temperature is much higher than ion 
temperature, and it reaches the maximum value when 
q
=1T T . First, we pay 
attention to the maximum damping presented in the case of equal electron and ion 
temperature. By Eq. (18), we can see that in such a case the generalized phase 
velocity of ion acoustic wave is low when , meanwhile for the case of the power 
law distributions with the same value of , there are a large number of low velocity 
particles. As result, heavily damped modes appear. When 
1q >
q < , the generalized phase 
velocity is higher than the traditional phase velocity in B-G statistics and it increases 
as the value of  decreases. From Fig. 1 (a), we see that the proportion of particles 
whose speed is more than two times of the thermal speed is small, so when the phase 
velocity is high, the number of particles moving with the speed close to the phase 
velocity is small. This will lead to the existence of weak damping modes. If the 
criterion used for a weak damping mode is that the imaginary part of ω  shall be less 
than the real part divided by 2π , i.e. 1 2ω < , in Fig. 3 weak damping modes are 
seen when  takes the values 0.4 and 0.6. As for the increased damping for smaller 
values of  in the region of the electron temperature being much higher than ion 
temperature, it can be understood as a contribution by the increased number of 
superthermal particles in the tails close to the phase velocity.  
q
q
γ
4. Summary and Conclusion 
In this paper we discuss the ion acoustic waves in plasmas with the power law 
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-distributions in Tsallis statistics, and we obtain the extended dispersion relations 
and Landau damping. Unlike the description of Maxwellian distribution that most of 
the particles center around the thermal speed, the power law distributions characterize 
the systems containing plentiful supply of superthermal particles with the constraint 
 or including a large number of low velocity particles by the restriction . 
Thus the Landau damping which relies on the particle velocity distributions is related 
to the value of -parameter. Weak damping modes are introduced for the power law 
distributions with small values of  in the case of equal electron and ion temperature, 
while for Maxwellian system only heavily damped modes exist. When the phase 
velocity of ion acoustic wave is much faster than the ion thermal speed, such as in the 
case of the electron temperature being much higher than ion’s, the extended Landau 
damping becomes stronger for lower values of . Moreover, when the phase velocity 
is low, more heavily damped modes are found for larger values of . All of these 
results are explained by the increased number of superthermal particles or low 
velocity particles contained in the plasma with the power law -distributions. 
1< 1q >
q
q
q
q
q
Finally, it is should be emphasized that the physical state described by the 
-distribution in Tsallis statistics is not the thermodynamic equilibrium. The 
nonextensive parameter  was proved to relate to the temperature gradient and the 
potential energy of the system by the formula 
q
q
( )1 0BK T q Qα ϕ∇ + − ∇ = . Thus, the 
deviation of  from unity qualifies the degree of the inhomogeneity of temperature 
or the deviation from the equilibrium [11]. Therefore, the properties of ion acoustic 
waves derived here are actually of the ones of plasmas in non-equilibrium 
stationary-state. Furthermore our results suggest that Tsallis statistics is suitable for 
the systems being the nonequilibrium stationary-state with inhomogeneous 
temperature and containing plentiful supply of the superthermal or low velocity 
particles.  
q
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